In our previous study we have shown that the female connectomes have significantly better, deep graph-theoretical parameters, related to superior "connectivity", than the connectome of the males. Since the average female brain is smaller than the average male brain, one cannot rule out that the significant advantages are due to the size-and not to the sex-differences in the data. To filter out the possible brain-volume related artifacts, we have chosen 36 small male and 36 large female brains such that all the brains in the female set are larger than all the brains in the male set. For the sets, we have computed the corresponding braingraphs and computed numerous graph-theoretical parameters. We have found that (i) the small male brains lack the better connectivity advantages shown in our previous study for female brains in general; (ii) in numerous parameters, the connectomes computed from the large-brain females, still have the significant, deep connectivity advantages, demonstrated in our previous study.
Introduction
While the neuronal-scale mapping of the connections of the whole human brain with more than 80 billion neurons is not possible today, a diffusion MRIbased workflow is available for mapping these connections with much less resolution [1, 2, 3, 4] . The result of that workflow is the connectome, or the braingraph of the subject: the several hundred nodes of this graph correspond to distinct areas of the gray matter of the brain, and two nodes are connected by an edge if the workflow finds fibers of axons connecting the areas, corresponding to these two nodes.
These connectomes describe tens of thousands of connections between distinct cerebral areas in a much more detailed manner than was possible before the era of diffusion MRI imaging. Additionally, the braingraphs make possible the quantitative analysis of the connections of the human brain.
One natural question is finding the connections that are present in a majority of healthy subjects. In [5] we described the Budapest Reference Connectome Server http://connectome.pitgroup.org that generates and visualizes the consensus braingraph of healthy individuals according to selectable parameters.
Another related question is the mapping of the individual variability of the connectomes in distinct areas of the gray matter. Using data from 392 healthy individuals, we have mapped the surprisingly different variability of the connections in distinct lobes and smaller cortical areas in [6] .
An interesting area is characterizing the significant differences in the brainconnections of distinct groups of subjects. Hundreds of publications appear describing differences of the connectomes of healthy and diseased individuals (e.g., [7, 8, 9, 10, 11] ).
Much fewer articles deal with sex differences of the structural properties of the connectomes. The authors of [12] and [13] have applied statistics for the numbers of edges connecting larger, fixed anatomical areas of the cortex in men and women, and have found significant differences between the sexes in these numbers. The work [13] analyzed the 95-vertex graphs of 949 subjects aged from 8 through 22 years on a publicly unavailable dataset. One of the main results of [13] is showing that males have more intra-hemispheric edges while females have more inter-hemispheric edges.
Instead of simple edge-counting, we have applied much deeper -even some NP-hard -graph-theoretical algorithms for discovering sex differences between the connectomes in [14] . The graph dataset examined in [14] contained the data of 96 subjects of ages between 22 and 35 years, from the Human Connectome Project [3] . From the data of each subjects five graphs were computed with different resolutions and each graph with five different edge weights. The graph dataset is publicly available (without any registration) at http://braingraph.org/download-pit-group-connectomes/ for independent verification and further analysis.
We have found in [14] that the female brain has such graph-theoretical properties that are associated with "better connectivity" in computer interconnection networks [15] and elsewhere. Namely, women's braingraphs have (i) more edges;
(ii) larger minimum bisection width (balanced minimum cut) within each hemisphere, even when normalized with the edge number;
(iii) larger eigengap;
(iv) more spanning forests;
(v) larger minimum vertex cover than the braingraphs of men. Property (i), the larger edge number, is a straightforward characteristic of a "better connected" graph. In computer interconnections networks, the quantity (ii) is a standard measure of the "quality" of the network [15] : the higher the width is the better the network. We note that the advantage remains valid even if we normalize the bisection width with the larger edge-number of the female connectomes! Quantity (iii) is related to the expander property of the graphs [16] : the larger the eigengap, the better expander is the graph. Good expander graphs have good intrinsic "connectivity" properties, such as a fast convergence to the stationary distribution of a random walk on an expander graph [16] .
A minimum vertex cover is the smallest subset S of the nodes of the graph such that each edge contains at least one vertex from S (i.e., each edge is "covered" by an element of S). The result in [14] says that the edges in the braingraph of females need more vertices to cover than in the case of males.
It is known for a long time that on the average, the female brain weights less and is smaller than the brain of males [17, 18] . Clearly, this statistical difference may have implications for the diffusion MR imaging workflow, and, consequently, to the construction of the braingraphs from the imaging data.
For example, larger brains have longer axonal fibers, and those longer fibers are more difficult to follow in the tractography phase of the data processing workflow: if we assume that there is a fixed error probability at every step of the tractography algorithm, then longer fibers will produce more errors, and, consequently, are much harder to follow and discover than short ones [19, 20] .
Therefore, it might happen that the statistically significant differences in the graph properties of the connectomes of different sexes are due to simple size differences. Clearly, any brain-size dependent "artificial" correction of the diffusion MRI data or the tractography results would meet well-founded criticism, and is not a realistic choice for data analysis.
The article [21] states that the sex differences in the ratio of the intrahemispheric/interhemispheric connections in the connectome are due to the differences in the brain size. In order to show this, they have selected 69 small brain subjects (55 females and 14 males) and 69 large brain subjects (14 females and 55 males), and after acquiring and analyzing their -publicly unavailabledata, they have found that the ratio of the intrahemispheric/interhemispheric streamlines (the authors of [21] called it "connectivity ratio") is significantly larger in the small brain group than in the large brain group (0.218 vs. 0.201, p=0.005 from Table 1 of [21] ).
We do not think that the results of [21] are really decisive on the question since the large brain group contained mostly males and the small brain group mostly females.
In our present work, we have computed braingraphs from the data of more than 400 subjects of the Human Connectome Project's [3] anonymized 500 Subjects Release, and from this large set we were able to choose two rather unusual sets of subjects: 36 large-brain females and 36 small-brain males such that every single female brain is of larger volume than every single male brain in the set. Therefore, the sex-related differences in the connectomes in this set will be free Table 1 : The list of subject-IDs, their sex and their brain volumes in the present study. The subjects are listed in the increasing order according to their brain volumes. The IDs refer to the Human Connectome Project's [3] anonymized 500 Subjects Release. The corresponding braingraphs can be downloaded from the site http://braingraph.org/ download-pit-group-connectomes/. The first six columns contain the data for 36 smallbrain males, the last six columns the data of the 36 large-brain females. The columns with header FS Mask Vol contains the FreeSurfer-computed Brain Mask Volumes in mm 3 [22] .
from the size bias.
Results and Discussion
Here we consider the diffusion MRI data of small-brain males and largebrain females in order to compensate for the possible brain-size bias in the data acquisition and the data processing steps.
We have chosen a set of 36 female and 36 male brains from the Human Connectome Project's [3] anonymized 500 Subjects Release, such that each female brain in the set is larger than every male brain in the set (see Table 1 ). Next, as in [14] , for every subject we have computed braingraphs of five different resolutions: 83, 129, 234, 463 and 1015 vertices, and for all graphs we have constructed five different edge weights:
• Unweighted: Every edge has the same, unit weight.
• FiberN: The number of fiber tracts that define the edge.
• FAMean: The average of the fractional anisotropies [23] of the fiber tracts, belonging to the edge.
• FiberLengthMean: The average length of the fiber tracts belonging to the edge.
• FiberNDivLength: The count of the fiber tracts of the edge, divided by their average length.
The most relevant weight function in our present study is the fractional anisotropy FAMean. This quantity, for each voxel, gives a measure of anisotropy with a real number between 0 and 1: 0, if the diffusion-ellipsoid in the voxel is a perfect sphere, and its value is getting closer to 1, if the ellipsoid has one large and two small axes, and it is 1 if the ellipsoid reduces to a line segment. More exactly, One can assign a fractional anisotropy to fiber tracts by averaging the value for each voxels on the tract. The FAMean weight is the average of the fractional anisotropies, taken for all fiber tracts defining the graph-edge in question. Table 2 : Statistical analysis of the differences in graph-theoretical parameters of connectomes computed from 36 small-brain male and 36 large-brain female cerebral MRIs. The first column gives the number of vertices. The second column gives the graph-parameters computed: Each parameter-name is separated by two " " symbols into three segments: The first segment describes the hemisphere or the whole connectome using descriptors Left, Right or All. The second segment gives the graph-parameter computed (defined in the "Methods" section, e.g.,MaxMatching), and the third segment specifies the weight function applied, the choices are Unweighted, FiberN, FAMean, FiberLengthMean, FiberNDivLength. The third and the fourth columns contain the average values for the female and the male groups, respectively. The fifth column describes the p-values of the first round, the sixth column in the second round, and the seventh column the Holm-Bonferroni corrections for the p-values. With p=0.05 all the first four rows describe significantly different graph theoretical properties between sexes. One-by-one, each row with italic values in column 6 describe differences between sexes, with significance p=0.05. For the details we refer to the section "Statistical analysis".
The lack of both significant and non-significant advantages of males with small brains Suppose that the statistically significant differences of the graph-theoretical parameters, describing better connectivity of the female braingraphs in [14] , are due solely to the brain volume differences and not to the sex differences of the subjects. Then in our subject-sets of small-brain men and large-brain women the same, significant differences in the graph-theoretical parameters should have been observed showing the advantage of the small-brain males.
Surprisingly, this is not true, with one single exception: As one can observe in the first row of Table 2 , All AdjLMaxDivD FAMean (the largest eigenvalue of the generalized adjacency matrix, divided by the average (generalized) degree, computed with the FAMean weight function) is significantly larger for men than for women in the 83-vertex resolution. All the other parameters that were significant statistically (denoted by an italic font in the sixth column) are still larger for the female group, showing better connections in that group.
This means that the lower cerebral volume will not imply better connectivity, therefore the results of [14] are due to sex differences and not size differences or other artifacts.
FAMean-weighted significant connectivity advantages of females
We need to remark that almost all graph-parameters, implying better connectivity for the connectomes of women in Table 2 , were weighted by FAMean. We think that fiber tracts with high FAMean values were tracked very reliably and were able to produce statistically significant results.
More exactly, we have found (in Table 2 ) the following parameters significantly differing in both tests:
MinVertexCover for the whole brain, and also just for the left hemisphere in several resolutions: this quantity gives the minimum number of vertices that is needed to cover all edges in the graph. We note that the meaning of this NP-hard quantity and also its computing needs much deeper tools than the numerous edge-counting statistics published elsewhere.
Sum describes the number of edges in the graph; we have significant differences within the left and the right hemispheres, as well as in the whole connectome. The number of spanning forests also give significant advantages for the female connectomes. Similarly, the maximum matching and the maximum fractional matching is also significantly larger in female connectomes for several resolutions.
In the ANOVA round 1, when only the data from group 0 were analyzed, we have found lots of significant-looking results showing the better connectivity of the female brains even in our large-brain set with other weight functions as well. For example, in the Appendix, in the 463 node resolution, the minimum number of the vertices that are needed to cover all the edges in the whole braingraph is larger in female connectomes than in male ones even with the FiberN weight function, with p = 0.017. Or, in the same 463-node resolution, the minimum balanced bisection width, normalized with the number of edges in the right hemisphere is larger for women than in men with p = 0.05 in the unweighted graph. We say that these are "significant-looking" results since our strict analysis in the holdout set did not find all of these to be significant (see the "Statistical Analysis" section for details).
In summary, with the FAMean weight function several (but not all) differences we have found between the graph parameters of male and female connectomes remained valid for the small-brain men -large-brain women datasets. Additionally, with numerous other weight functions the advantage of the female connectomes in connectivity related parameters is shown in the Appendix.
Methods
The data source is the Human Connectome Project's [3] anonymized 500 Subjects Release. The workflow that produces the braingraphs or connectomes are detailed in [14] and in [5] : the Connectome Mapper Toolkit [4] (http://cmtk.org) was used for segmentation, partitioning, tractography and for the graph construction. For partitioning, FreeSurfer was applied with the Desikan-Killiany anatomical atlas that produced 83, 129, 234, 463 and 1015 regions of interests. Tractography was performed with randomized seeding by the Connectome Mapper Toolkit [4] , applying the deterministic streamline method with the MRtrix processing tool [24] . We have computed the graphs from more than 400 diffusion MR images.
Choosing two sets of the same cardinality: large female brains and small male brains
The selection of large female and small male brains were done using the following mathematical scheme:
There is such a brain size B that an equal number of men have smaller brains than B as the women who have larger brains than B. This is true because each person has a different brain size, and when we increase B from the minimum possible brain size to the maximum possible brain size, at each step we either encounter a man (in this case the number of men with smaller brains than B increases by 1), or we encounter a woman (in this case the number of women with larger brains than B decreases by 1). Since at the beginning the number of small-brain men was 0 and the number of large-brain women was N W (the number of women in the study), and at the end the number of small-brain men will be N M (the number of men in the study) and the number of large-brain women will be 0, this means that at some point the two numbers will be equal because, at each step, both change by 1 in the proper direction. This is a welldefined interval between two consecutive brain sizes. We looked for this division point B, and then considered only the men with smaller brains and the women with larger brains.
This way we were able to select 36 female and 36 male brains, such that all the female brains have larger volumes than all the male brains in the set.
Graph parameters and their descriptions
The generalized adjacency matrix is an n × n matrix, where n denotes the number of vertices of the graph. Its rows and columns correspond to the nodes of the graph, and the element in the intersection of row i and column j, a ij is zero if the i th and the j th vertices are not connected by an edge, and a ij is the weight of the edge, connecting the i th and the j th vertices otherwise. The degree of a node is the number of the edges, incident to the vertex. The generalized degree of a vertex is the sum of the weights of the edges, incident to the vertex.
The following graph-parameters were computed for the graphs of different resolutions and weights:
• Number of edges (Sum). The sum of the weights of the edges. If the graph is unweighted, then it is equal to the number of edges in the graph.
• Normalized largest eigenvalue (AdjLMaxDivD): The largest eigenvalue of the generalized adjacency matrix, divided by the average (generalized) degree.
• Eigengap of the transition matrix (PGEigengap): The transition matrix P G can be constructed after dividing the rows of the generalized adjacency matrix by the generalized degree of the vertex, corresponding to the row. Since the (generalized) degree of any vertex is equal to the sum of its row in the generalized adjacency matrix, the sum of any row of P G is 1.
If the weights are non-negative, then the rows of P G define a probability distribution, which corresponds to the transition probabilities in a random walk. The eigengap of matrix P G is the difference between its largest and the second largest eigenvalues. The eigengap is closely related to the expander property of the graph: the larger the gap, the better expander is the graph [16] .
• Hoffman's bound (HoffmanBound) is defined by
where λ max and λ min denote the largest and smallest eigenvalues of the adjacency matrix. It bounds the chromatic number of the graph from below.
• Logarithm of the number of spanning forests (LogAbsSpanningForestN):
The famous matrix-tree theorem of Kirchoff [25, 26] computes the number of the spanning trees in a connected graph from the spectrum of its Laplacian matrix. Heuristically, more "connected" graphs have more spanning trees, since the addition of a new edge to the graph may give rise to the number of the spanning trees. For non-connected graphs, the number of spanning forests equals the product of the numbers of the spanning trees of the components of the graph. The quantity LogAbsSpanningForestN is defined as the logarithm of the number of spanning forests in the unweighted case; and in the weighted case it equals to the sum of the logarithms of the weights of the spanning trees in the forests. Note that this value can be negative if all the weights are small.
• Minimum bisection width, or the balanced minimum cut, divided by the number of edges (MinCutBalDivSum): Suppose we want to partition the graph into two sets whose size may differ by at most 1, in a way that the the number (or the sum of the weights) of the edges, crossing the cut, is minimal. For the whole braingraph, one would expect that this minimum cut corresponds to the edges in the corpus callosum between the two hemispheres of the brain. Indeed, our results show exactly this. Therefore, this quantity is more interesting when computed only for the left-or the right hemisphere, and not for the whole brain.
• Minimum cost spanning tree (MinSpanningForest), computed with the algorithm of Kruskal.
• Minimum vertex cover (MinVertexCoverBinary): is the size of the minimum set of vertices selected in a way that each edge is incident to at least one of the selected vertices. We have computed this NP-hard graphparameter only for unweighted graphs by an integer-program solver named SCIP (http://scip.zib.de), [27, 28] , which provided exact solutions.
• Minimum weighted vertex cover (MinVertexCover): We assign a fractional weight to each vertex such that, for each edge, the sum of the weights of its two endpoints is greater or equal to 1, then we minimize the sum of all weights for all vertices. This is a relaxation of the vertexcover problem above [29] , and can be computed by a linear programming approach.
• Maximum matching (MaxMatching): A matching is a set of edges that do not share any vertices; or, equivalently: each vertex covered by the matching edges are covered by exactly one edge from the matching. A maximum matching is the matching in a graph containing the largest number of edges. A maximum matching in a weighted graph is the matching with the maximum sum of weights taken on its edges.
• Maximum fractional matching (MaxFracMatching): is the linearprogramming relaxation of the maximum matching problem. In the unweighted case, we are searching for non-negative values x(e) for each edge e in the graph, such that for each vertex v in the graph, the sum of x(e)-s for the edges that are incident to v is at most 1. The maximum of the sums of e x(e) is the maximum fractional matching for a graph. For the weighted version with weight function w, instead of e x(e), e x(e)w(e) needs to be maximized.
• (OutBasalGanglia, OutBrainstem, OutFrontal, OutInsula, OutLimbic, OutOccipital, OutParietal, OutTemporal, OutThalamus) These quantities give the sum of the weights of the edges, crossing the border of the cerebral lobes noted.
All the parameters described above were computed for the graphs made of the left and the right hemispheres and also for the whole connectome, and for all the resolutions and with all the 5 weight functions (with the following exceptions: MinVertexCoverBinary and MaxMatching was computed only for the unweighted case, and the MinSpanningTree was not computed for the unweighted case). The results for each individual graph are made available as a large Excel file at the site http://uratim.com/big_table_sbmbbw.zip.
A note on the syntax of the results
Each parameter-name is separated by two " " symbols into three segments (e.g., All HoffmanBound FAMean): The first segment describes the hemisphere or the whole connectome using descriptors Left, Right or All. The second segment gives the graph-parameter computed (defined in the "Methods" section, e.g.,HoffmanBound), and the third segment specifies the weight function applied, the choices are Unweighted, FiberN, FAMean, FiberLengthMean, FiberNDivLength. The weight functions are defined in the "Results and discussion" section.
Statistical analysis
The statistical analysis of the sex differences in the graph-theoretical parameters were done similarly as in [14] :
The subjects were divided into two sets: set 0 and set 1, denoted in the first column of the large, detailed result file at http://uratim.com/big_table_ sbmbbw.zip. The selection was done by the parity of the digits of the ID of the subjects: if the sum of the digits of the ID number of the subject was even, the ID was assigned to group 0, and if it was odd, then to group 1. Group 0 was used for hypothesis-making while group 1 was the holdout set to verify hypotheses.
We applied the statistical null hypothesis [30] that the graph parameters do not differ between the male and the female groups. A small p value shows that the null-hypothesis is most probably false, i.e., the graph parameters significantly differ between the sexes.
We have used ANOVA (Analysis of variance) [31] to assign p-values for all parameters in each hemisphere and each resolution and each weight-assignment for data, originated from group 0.
We selected those parameters after the first ANOVA application where the p-values were less than 1%. These selected parameters were analyzed with a second ANOVA application for the holdout group 1. Next, the resulting pvalues were adjusted with the Holm-Bonferroni correction method [32] with a significance level of 5%. The detailed results with the male and female average values of the parameters with the p-values of the first ANOVA are given in the Appendix, grouped by the resolution of the graph. The results of the second ANOVA and the Holm-Bonferroni corrections are given on Table 2 .
In Table 2 those Holm-Bonferroni corrected p-values were highlighted in bold that all differs significantly between the male and the female groups, with a level of significance of 5%.
Conclusions
We have shown by analyzing the connectomes of 36 small-brain men and 36 large-brain women that the advantage of the female connectomes in numerous graph-connectivity related, deep graph theoretical parameters, are due to the sex differences, and not for the size differences.
Data availability:
The raw and the pre-processed MRI data are available at the Human Connectome Project's website: http://www.humanconnectome.org/documentation/ S500 [3] . Unlike numerous braingraph-related articles, our graphs that we assembled in the present work can be downloaded from the site http:// braingraph.org/download-pit-group-connectomes/. The results for each individual graph are made available as a large Excel file at the site http: //uratim.com/big_table_sbmbbw.zip. [32] S. Holm, A simple sequentially rejective multiple test procedure, Scandinavian Journal of Statistics (1979) 65-70.
Appendix
In this Appendix we give the graph-theoretic parameters computed for the 83, 129, 234, 463 and 1015-vertex graphs. The table contains their arithmetic means in the male and female groups, and the corresponding p-values for group 0 (see the "Statistical analysis" subsection). The graph-parameters and the syntax of the data are defined in the "Methods" section. Significant differences (p < 0.01) are denoted with an asterisk in the last column. 
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